Abstract. In 2003, S.-s. Chern began a study of almost-complex structures on the 6-sphere, with the idea of exploiting the special properties of its wellknown almost-complex structure invariant under the exceptional group G 2 . While he did not solve the (currently still open) problem of determining whether there exists an integrable almost-complex structure on S 6 , he did prove a significant identity that resolves the question for an interesting class of almost-complex structures on S 6 .
Introduction
Around the beginning of 2003, Professor Shiing-shen Chern turned his attention to the old problem of determining whether or not there is a complex structure on the 6-sphere. 1 Chern's approach was quite original: He chose to use the known, very homogeneous, almost-complex structure J on S 6 as a sort of 'background reference' and to analyze the integrability equations for an arbitrary almost-complex structure J on S 6 by studying the invariants of J relative to J. As was his wont, he used the structure equations and the moving frame associated to G 2 , the symmetry group of J, to study the consequences of integrability of J.
As he carried out the process of frame adaptation and differentiation of the structure equations, he discovered a rather unexpected and remarkable identity and found that he could use this to eliminate some possibilities for complex structures on S 6 . He privately circulated a manuscript detailing his calculations and arguments. Upon examination of his argument, however, it was realized that Professor Chern had inadvertently made a hidden assumption about the algebraic invariants of J relative to the reference J, so that his identity did not hold universally and so could not, without some further new idea, be used to resolve the main existence question.
Nevertheless, undiscouraged, Professor Chern continued his work on the main problem, and I had the privilege of corresponding with him about his further ideas in this area up through the fall of 2004. Unfortunately, Professor Chern passed away on December 3, 2004 , before he could fully develop his further ideas.
While I knew that Professor Chern's approach had not solved the problem, I found the identity he had discovered (via a clever and delicate moving frames calculation) to be quite interesting and felt that it deserved to be recorded and remembered. Unfortunately, other duties at the time delayed my collecting and clarifying my thoughts on the matter. Now, as the tenth anniversary of Professor Chern's passing approaches, I have been reminded of this issue and so was motivated to prepare this note about Professor Chern's idea and his main result in this area.
It is simple to state the result: The symmetry group of J preserves both a metric g and a 2-form ω on S 6 . LeBrun [7] had proved that there is no complex structure on S 6 that is compatible with the metric g. Chern's identity implies that there is no complex structure on S 6 that is compatible with the 2-form ω. It turns out that these two cases are quite different: The condition of compatibility with g is a system of 12 pointwise algebraic equations on an almost-complex structure J, and, as LeBrun's analysis shows, the integrability conditions for such almost-complex structures form an involutive system whose general local solution depends on three holomorphic functions of three complex variables. In contrast, the condition of compatibility with ω is a system of only 6 pointwise algebraic conditions on an almost-complex structure J, while Chern's identity shows that the integrability conditions for such almost-complex structures do not form an involutive system; indeed, his computation uncovers the nonvanishing torsion that proves its non-involutivity.
In this note, I explain Chern's result (see Theorem 2) and give the proof, basically along the lines he originally proposed, but with a few simplifications that became clear in hindsight. Once one realizes what Chern's calculation means, there is a way to get to the essential identity without having to carry out the frame adaptations and normalizations that made Chern's original argument somewhat difficult to follow. Indeed, one then sees that Chern's argument applies verbatim to prove a more general statement about compatible complex structures on what I have called elliptic definite almost-symplectic 6-manifolds, a class of structures that includes, for example, all strictly nearly-Kähler 6-manifolds. In the final section of the note, I make some remarks about these and related matters.
The structure equations
This section will collect the main results about the group G 2 that will be needed. The reader may consult [3] , for details concerning the properties of the group G 2 that are not proved here. It is a theorem of W. Reichel (see [1] for the history) that the subgroup of GL(7, R) that fixes φ is a compact, connected, simple Lie group of type G 2 . In this article, this result will be used to justify the following definition:
2.2. Associated structures. I will list here a few properties of G 2 that will be needed in this article. G 2 preserves the metric and orientation on R 7 for which the basis e 1 , e 2 , . . . , e 7 is an oriented orthonormal basis. G 2 acts transitively on the unit sphere S 6 ⊂ R 7 , and the G 2 -stabilizer of any u ∈ S 6 is isomorphic to SU(3) ⊂ SO(6); thus, S 6 = G 2 / SU(3). Since SU(3) acts transitively on S 5 ⊂ R 6 , it follows that G 2 acts transitively on the set of orthonormal pairs of vectors in R 7 . G 2 preserves the cross-product operation, which is defined as the unique bilinear mapping × :
It follows that u × v = −v × u is perpendicular to both u and v, and, since G 2 acts transitively on orthonormal pairs, the evident identities e 1 × e 2 = e 3 and e 1 × (e 1 × e 2 ) = −e 2 imply that u
. G 2 acts simply transitively on the set of orthonormal triples (u, v, w) in R 7 that satisfy (u × v) · w = 0.
2.3.
The standard almost-complex structure. The above formulae imply that there is an almost-complex structure J : T S 6 → T S 6 on S 6 that is invariant under the action of G 2 defined by the formula
In fact, it is not difficult to show (see [3] ) that the group of almost-complex automorphisms of (S 6 , J) is equal to G 2 .
2.4. The moving frame. Let g : G 2 → SO (7) be the inclusion mapping and write g = (g i ) where
, Then, as shown in [3] , there are left-invariant, complex-valued 1-forms θ i (1 ≤ i ≤ 3) and κ i (1 ≤ i, j ≤ 3) defined on G 2 and satisfying κ i = −κ jī and κ 11 +κ 22 +κ 33 = 0 such that the first structure equations hold, i.e.,
where ǫ ijk is skew-symmetric in its indices and ǫ 123 = 1. These complex-valued 1-forms satisfy the second structure equations
It will be useful to have the structure equations in matrix form. Set
Then the second structure equations take the compact form
2.5. G 2 -invariant forms. The structure equations (2.5) imply that the almostcomplex structure J on S 6 has (and is defined by) the property that a complexvalued 1-form α on S 6 is of J-type (1, 0) if and only if x * α is a linear combination of the θ i .
The standard metric g induced on S 6 by its inclusion into R 7 has the form (2.8)
The 2-form ω on S 6 that is associated to J via g satisfies (2.9)
This 2-form is not closed; by the structure equations,
where Υ is complex-valued 3-form on S 6 that satisfies (2.11)
Note that Υ is of J-type (3, 0). It is not closed, but satisfies
The forms ω, Re Υ, and Im Υ generate the ring of G 2 -invariant forms on S 6 . In fact, as explained in [4] , the form ω determines Υ, J, and the metric g, and, consequently, the (pseudo-)group of (local) diffeomorphisms of S 6 that preserve ω is the (pseudo-)group generated by the action of G 2 .
3. Some linear algebra 3.1. Compatibility. On a given vector space V of even dimension over R, there is a well-known set of relations among the set of quadratic forms on V , the set of symplectic structures on V , and the set of complex structures on V .
A pair (g, J) consisting of a nondegenerate inner product g on V and a complex structure J : V → V is said to be compatible if g(Jv, Jw) = g(v, w), or equivalently, g(Jv, w)+g(v, Jw) = 0. In particular, the bilinear form ω on V defined by ω(v, w) = g(Jv, w) is nondegenerate and satisfies ω(w, v) = −ω(v, w), so ω is a symplectic structure on V .
A pair (ω, J) consisting of a symplectic form ω on V and a complex structure J : V → V is said to be compatible if ω(Jv, Jw) = ω(v, w), or, equivalently, ω(v, Jw) = ω(w, Jv). In particular, the bilinear form g onV defined by g(v, w) = ω(v, Jw) is nondegenerate and satisfies g(w, v) = (v, w), so g is a nondegenerate inner product on V . One says that an ω-compatible complex structure J has ω-index (p, q) (where p+q = n) if the J-compatible metric defined by g(v, w) = ω(v, Jw) has inertial index (2p, 2q). Note that, if an ω-compatible J has ω-index (p, q), then −J (which is automatically ω-compatible) has ω-index (q, p).
For a vector space V over R of dimension 2n, the space of complex structures on V is a homogeneous space GL(V )/ GL(V, J) ≃ GL(2n, R)/ GL(n, C) and, hence, is a smooth manifold of dimension 2n
2 . For a symplectic structure ω on a real vector space V of dimension 2n, the set of ω-compatible complex structures on V has n+1 connected components: The space of ω-compatible complex structures on V with ω-index (p, q) is a connected homogeneous space Sp(V, ω)/ U(V, ω, J) ≃ Sp(n, R)/ U(p, q), and hence has dimension n 2 +n. Correspondingly, for a nondegenerate inner product g on a real vector space V of dimension 2n, the set of g-compatible complex structures on V is empty unless g has inertial index (2p, 2q) for some (p, q) with p+q = n. When g does have index (2p, 2q), the set of g-compatible complex structures on V is a homogeneous space O(V, g)/ U(V, g, J) ≃ O(2p, 2q)/ U(p, q) and, hence, has dimension n 2 −n. In particular, note that, for a nondegenerate inner product g of even index (2p, 2q) on a vector space V of real dimension 2n, the space of g-compatible complex structures on V is a submanifold of codimension n 2 +n in the space of all complex structures on V , while, for a symplectic structure ω on V , the space of ω-compatible complex structures on V is a submanifold of codimension n 2 −n in the space of all complex structures on V .
3.2.
The almost-complex structures on a manifold. The linear algebra considerations in §3.1 have natural analogs for structures on smooth manifolds.
The set of (smooth) almost-complex structures on a smooth manifold M of dimension 2n is the (possibly empty) set of (smooth) sections of a canonically defined smooth bundle π : J(M ) → M whose fiber over a point x ∈ M is the space of complex structures on the real vector space T x M ≃ R 2n and, hence, is identifiable with the homogeneous space GL(2n, R)/ GL(n, C), which has dimension 2n 2 .
When π : J(M ) → M does have continuous sections, one says that the set of almost-complex structures on M depends on 2n 2 functions of 2n variables. When M is endowed with a Riemannian metric g, one can consider the subbundle J(M, g) ⊂ J(M ) whose sections are the g-compatible almost-complex structures on M . The fiber of the subbundle π : J(M, g) → M over a point x ∈ M is identifiable with O(2n)/ U(n), and, hence, the subbundle J(M, g) has codimension n 2 +n in J(M ). It is easy to show that, if the bundle π : J(M ) → M does have sections, then so does π : J(M, g) → M , so that the set of g-compatible almost-complex structures on M depends on n 2 −n functions of 2n variables. Meanwhile, when M is endowed with a nondegenerate 2-form ω (not assumed to be closed), one can consider the subbundle J(M, ω) ⊂ J(M ) whose sections are the ω-compatible almost-complex structures on M . This subbundle is the disjoint union of subbundles J q (M, ω), where the fiber of J q (M, ω) over x ∈ M consists of the ω x -compatible complex structures on T x M that have ω x -index (n−q, q), and hence is identifiable with Sp(n, R)/ U(n−q, q). Hence, the subbundle J q (M, ω) has codimension n 2 −n in J(M ). It is easy to show that, if the bundle π : J(M ) → M does have sections, then so does π : J 0 (M, ω) → M , so that the set of ω-compatible almost-complex structures on M depends on n 2 +n functions of 2n variables.
Special features when
The fibers of the bundle π :
) is a subbundle of codimension 12 that is a bundle deformation retract of J(S 6 ), so that any almost-complex structure J on S 6 is homotopic to one that is orthogonal with respect to the standard metric g on S 6 . Using the (unique) spin structure on S 6 , one can show (see [4] ) that any gorthogonal almost-complex structure J on S 6 is homotopic through g-orthogonal almost-complex structures to either J or −J (depending on which of the two orientations J induces on S 6 ). Consequently, there are exactly two homotopy equivalence classes of almostcomplex structures on S 6 , [J] and [−J]. Meanwhile, J(S 6 , ω) ⊂ J(S 6 ) is a subbundle of codimension 6 and is the disjoint union of the subbundles J q (S 6 , ω) for 0 ≤ q ≤ 3. J is a section of J 0 (S 6 , ω) while −J is a section of J 3 (S 6 , ω). The following simple lemma will be used below.
Lemma 1. The subbundles J 1 (S 6 , ω) and J 2 (S 6 , ω) have no continuous sections over S 6 .
Proof. A continuous section J of J 1 (S 6 , ω) would allow one to construct a nondegenerate quadratic form of inertial index (4, 2) on S 6 , and this would imply that the tangent bundle of S 6 can be written as a direct sum T S 6 = E 4 ⊕ E 2 of two oriented subbundles, E 4 of rank 4 and E 2 of rank 2. However, because the Euler class of T S 6 is nonzero, such a splitting would imply 0 = e(T S 6 ) = e(E 4 )e(E 2 ) = 0. If J were a continuous section of J 2 (S 6 , ω), then −J would be a continuous section of J 1 (S 6 , ω).
Finally, note that the two subbundles J(S 6 , g) and J(S 6 , ω) intersect transversely along the images of the sections ±J : S 6 → J(S 6 ), in fact,
Meanwhile, the subbundles J(S 6 , g) and J i (S 6 , ω) for i = 1, 2 do not intersect transversely. In fact, for i = 1 or 2, the intersections
are bundles over S 6 whose fibers are diffeomorphic to SU(3)/ U(2) ≃ CP 2 and so have dimension 4. For further discussion of these bundles, see Remark 1.
G 2 -invariants of almost-complex structures
Consider an arbitrary smooth almost-complex structure J on S 6 . While there are no zeroth-order invariants of J under the action of the group Diff(S 6 ), there are zeroth-order invariants under the action of the isometry group SO (7) and even more under the action of the group G 2 . This corresponds to the fact (discussed above) that the space of all complex structures on R 6 , which is a homogeneous space GL(6, R)/ GL(3, C) of dimension 18, is not homogeneous under the action of SO (6), much less that of SU(3).
Let π : F J → S 6 be the right principal GL(3, C)-bundle over S 6 whose elements are the J-linear isomorphisms u :
for all v ∈ T u F J . Now let B J ⊂ G 2 ×F J be the pullback bundle over S 6 consisting of the pairs (g, u) such that x(g) = π(u). It is a principal right SU(3)× GL(3, C)-bundle over S 6 , and its projection onto either G 2 or F J is a surjective submersion with connected fibers. From now on, all forms defined on either F J , G 2 , or S 6 will be regarded as pulled back to B J without notating the pullback.
There exist unique mappings r, s :
Because of the linear independence of the η i and the η i as well as the θ j and θ j , (4.2) det r s sr = 0.
(Note that this determinant is real valued; in fact, J induces the same orientation on S 6 as J if and only if this determinant is positive.) Now, the canonical forms satisfy
for g ∈ SU(3) and h ∈ GL(3, C), which implies that
4.1. Symmetric tensorial invariants. Chern [5] observed that the formulae (4.3) and (4.4) imply that there exist two positive semi-definite J-hermitian quadratic forms P J and Q J on S 6 that satisfy (4.5)
While one does not know a priori whether P J or Q J might be positive definite, the sum P J + Q J = t η t rr + t ss η is positive definite because the invertible matrix
is Hermitian positive definite. In addition, there exists a J-complex quadratic form γ J on S 6 that satisfies
Note that the metric g = 4 t θ •θ on S 6 satisfies g = 4 γ J + 4 (P J +Q J ) + 4 γ J , implying that γ J and P J +Q J are tensors on S 6 that depend only on J and the metric g. In fact, the above formulae show that the J-type decomposition of g is given by
Alternating tensorial invariants.
Meanwhile, for the G 2 -invariant differential forms, one has a J-type decomposition of ω as
where, using the above notation,
Also, the 3-form Υ has a J-type decomposition as a sum of terms Υ . In what follows, only the following two formulae will be needed:
Integrability
The major unsolved question concerning almost-complex structures on S 6 is whether there exists an integrable one.
By the celebrated theorem of Newlander and Nirenberg [8] , in order for an almost-complex structure J on a manifold M to be integrable, i.e., to be the almostcomplex structure induced by an actual complex structure on M , it is necessary and sufficient that the ideal generated by the J-linear complex 1-forms on M be closed under exterior differentiation.
This condition is equivalent to the vanishing of the Nijnhuis tensor of J, which is simply the condition that, when one writes the J-type decomposition of the exterior derivative the operator d i Υ = 0, it follows that the G 2 -invariant almost-complex structure J on S 6 is not integrable; indeed, its Nijnhuis tensor is nowhere vanishing.
5.1. Metric compatibility. It follows from (4.7) that g is J-Hermitian, i.e., J is orthogonal with respect to g (which is the same as saying that (g, J) are compatible) if and only if γ J = 0. As noted above, this condition constitutes 12 real equations on J that are of order 0.
Theorem 1 (LeBrun [7] ). There is no g-compatible complex structure on S 6 .
Proof. (Sketch.) LeBrun's argument depends on the following idea (which works in all dimensions): If J is an almost-complex structure on an open subset U in the 2n-sphere S 2n ⊂ R 2n+1 that is orthogonal with respect to the standard metric on S 2n , then one can define an embedding τ : U → Gr n (C 2n+1 ) by letting τ (u) ⊂ C 2n+1 be the complex n-plane consisting of the vectors of the form
2n+1 . LeBrun showed that, when J is orthogonal with respect to the induced metric, the integrability of J is equivalent to the condition that τ : U → Gr n (C 2n+1 ) have complex linear differential (when J is used to define the almost-complex structure on U ). In particular, in the integrable case, τ (U ) is a complex submanifold of Gr n (C 2n+1 ) and hence inherits a Kähler structure from the standard Kähler structure on Gr n (C 2n+1 ) = U(2n+1)/ U(n)× U(n+1) . Since S 2n does not have a Kähler structure for n > 1 (because H 2 (S 2n ) = 0 when n > 1), it follows that, for n > 1, there cannot be an integrable complex structure on S 2n that is orthogonal with respect to the standard metric. 5.2. ω-compatibility. As discussed in §3.3, the condition that J be ω-compatible constitutes 6 equations of order 0 on J. Thus, ω-compatibility is a much less restrictive condition than g-compatibility. Nevertheless, Chern's arguments [5] show that there is no ω-compatible complex structure on S 6 .
Theorem 2 (Chern). Any ω-compatible complex structure on a connected open set U ⊂ S 6 is a section of either J 1 (U, ω) or J 2 (U, ω). In particular, there is no ω-compatible complex structure on S 6 .
Since ω∧(Υ −Ῡ) ≡ 0, it follows that ω must be of J-type (1, 1) and hence represent an Hermitian form on (M, J). Since ω 3 > 0 induces the same orientation on M as J, it follows that the signature of ω as a J-Hermitian form is either (3, 0) or (1, 2) . One says that (M, ω) is elliptic definite if this signature is (3, 0) .
It is immediate that the condition for a nondegenerate 2-form ω on M 6 to define a elliptic definite almost-symplectic structure on M is open in the C 1 -topology on 2-forms on M . Thus, if one such structure exists on M then there are many.
For example, S 6 endowed with its G 2 -invariant 2-form ω is elliptic definite. (The other signature can also occur: For example, if one considers G 2 ′ ⊂ SO (3, 4) , the non-compact real form of G 2 , it turns out that this group contains a subgroup isomorphic to SU(1, 2), and the homogeneous space H 6 = G 2 ′ / SU(1, 2) carries a G 2 ′ -invariant 2-form that is of elliptic type and that has signature (1, 2) with respect to its natural almost-complex structure J, as constructed above.)
In fact, any strictly nearly-Kähler 6-manifold defines an elliptic definite almostsymplectic structure. (However, these represent a vanishingly small subset of the set of all elliptic definite almost-symplectic structures. It would be straightforward to derive the various invariant tensors associated with such a structure, but that is not my concern here.)
For an elliptic definite almost-symplectic manifold (M 6 , ω), the argument of Chern applies essentially without change, yielding that any ω-compatible complex structure on M must be a section of either J 
